In this paper, we employ the Mawhin's continuation theorem to study the existence of positive periodic solutions of the nonautonomous periodic model of population with continuous and discrete time. It is interesting that the conditions to guarantee the existence of positive periodic solutions of discrete time model are similar to those for the corresponding continuous time model.
Introduction
In order to describe the control of a single population of cells, Nazarenko [7] proposed the following nonlinear delay differential equation:
x (t) + px(t) − qx(t) r + x n (t − )
= 0, (
where p, q, r, ∈ (0, +∞), n ∈ N = {1, 2, . . .} and q/p > r. For a long time, Eq. (1.1) has been well studied by many authors (see [5, 8, 10] and their references). Recently, according to the periodic assumption of the environmental variation, Saker [9] proposed the following nonautonomous delay differential equation:
x (t) + p(t)x(t) − q(t)x(t) r + x n (t − m )
= 0, (1.2) where m and n are positive integers, and p(t) and q(t) are positive periodic functions of period .
In the present paper, we will consider the more general modification of Eq. (1.1):
y (t) + p(t)y(t) − q(t)y(t) r + y n (t − (t, y(t)))
= 0, (1.3) where p, q ∈ C(R, R + ) and ∈ C(R 2 , R + ), R + = [0, +∞), are periodic with respect to t, and r is a constant. By Eq. (1.3), it is easy to obtain
−p(t) + q(t) r + y n (t − (t, y(t)))
ds .
It follows that R + ={y|y > 0} is invariant with respect to Eq. (1.3). Considering the biological significance, it suffices to consider only positive solutions of Eq. (1.3). The paper is organized as follows. In Section 2, we apply the Mawhin's continuation theorem to investigate the existence of a positive periodic solution of Eq. (1.3). In Section 3, with the help of the differential equations with piecewise constant arguments, we first propose a discrete analogue of Eq. (1.3) without delay, and then investigate its positive periodic solutions.
Existence of positive periodic solutions of Eq. (1.3)
In order to obtain the existence of positive periodic solutions of Eq. (1.3), for the reader's convenience, we shall summarize a few concepts and results form [4] .
Let X, Y be normed vector spaces, let L : Dom L ⊂ X → Y be a linear mapping, and let N : X → Y be a continuous mapping. The mapping L will be called a Fredholm mapping of index zero if dim Ker L= codim Im L < + ∞ and Im L is closed in Y . If L is a Fredholm mapping of index zero, then there exist continuous projectors P : X → X and Q : Y → Y such that Im P =Ker L and Im L=Ker Q=Im (I −Q). It follows that L|Dom L ∩ Ker P : 
In the proof of our existence theorem, we will use the continuation theorem [4] as follows. Proof. Make the change of variable
Then Eq. (1.3) can be written as the following form:
Clearly, if Eq. (2.1) has a periodic solution x(t), then Eq. (1.3) has a positive periodic solution y(t) = exp{x(t)}. Thus, it is sufficient to prove that Eq. (2.1) has at least one periodic solution.
To apply Lemma 2.1 to Eq. (2.1), we first define
. Then X and Y are Banach spaces when they are endowed with the norm · . Let
Define projectors P and Q as
Clearly, Ker L = R, and Im
Therefore, L is Fredholm mapping of index 0. In addition, it is easy to verify that P , Q are continuous projectors such that
Thus,
Notice Consider the equation Lx = Nx, ∈ (0, 1), which is
Suppose that x(t) ∈ X is an arbitrary solution of Eq. (2.2) for a certain ∈ (0, 1). Integrating on both sides of Eq. (2.2) over the interval [0, ], we have
which leads to
It follows from (2.2) and (2.3) that
x(t) and x( ) = min
Thus, from (2.3) and (2.5), we obtain that
which reduces to
On the other hand, it follows from (2.3) and (2.5) that
From (2.6) and (2.7), it is easy to see that there exists a t 0 ∈ [0, ] such that
Therefore, from (2.4) and (2.8), we obtain that
Clearly, B 1 is independent of . Take B = B 1 + B 2 , where B 2 is taken sufficiently large such that
We now let = {x(t) ∈ X : x < B}. It is clear that verifies requirement (a) in Lemma 2.1. If x ∈ j ∩ Ker L, then x is a constant with x = B. By the definition of B, it is easy to verify that
where J can be the identity mapping since Im P = Ker L. By now we have proved that verifies all the requirements in Lemma 2.1. Hence, Eq. (2.1) has at least one -periodic solution x * (t). Further, Eq. (1.3) has at least one positive -periodic solution y(t) = exp{x * (t)}. The proof is complete.
Discrete analogue of Eq. (1.3) without delay
In recent years, many authors [1, 6] have argued that the discrete time models governed by difference equations are more appropriate than the continuous ones, particularly, when the populations have nonoverlapping generations. Such discrete time analogues for population modeled have been done by several authors (see, for example, [2, 3, 11] 1, 2 , . . . , we can integrate Eq. (3.1) and obtain for k t < k + 1, k = 0, 1, 2, . . . ,
On any interval
Letting t → k + 1, we obtain that
which is a discrete time analogue of Eq. (1.3) without delay. Our main purpose in this section is to investigate the existence of periodic solutions of nonautonomous difference Eq. (3.2). Our method employed in this section is still continuation theorem in Section 2. Let Z, Z + , R and R + denote the sets of all integers, nonnegative integers, real numbers, nonnegative real numbers, respectively. For convenience, in what follows, we will use the notation below throughout this section:
where {f (k)} is an -periodic sequence of real numbers defined for k ∈ Z, i.e., f (k
In Eq. (3.2), we always assume that r is a positive constant, p(k), q(k) : Z → R + are periodic, where , a fixed positive integer, denotes the periodicity of the parameters.
Lemma 3.1 (Fan and Wang [3]). Let
We are now in the position to state and prove the main result of this section. It is interesting that the result established below for the discrete time Eq. (3.2) is similar as that for the continuous time Eq. (1.3) . 
Proof. Define
For y = y(k) ∈ R, define y = max 0 k −1 {|y(k)|}. Let l ⊆ l denote the subspace of all -periodic sequences equipped with the usual supremum norm · for y ∈ l . It is easy to verify that l is a finite-dimensional Banach space [3] .
Let
then it follows that l 0 and l c both are closed linear subspaces of l and
It is obvious that the solutions of (3.2) with initial condition y(0) > 0 remains positive for all k ∈ Z + . Thus, we can introduce a change of variable by the formula y(k) = exp{x(k)} so that Eq. (3.2) can be written as
In the following, we will employ the continuation theorem to prove the existence of positive -periodic solution to Eq. (3.4), which implies the existence of positive -periodic solution of Eq. (3.2). We first define X = Y = l and
It is easy to verify that L is a bounded linear operator and
Therefore, L is a Fredholm mapping of index zero.
It is not difficult to show that P and Q are continuous projectors and In the following, we shall find an appropriate open, bounded subset for the application of the continuation theorem. Corresponding to the operator equation Lx = Nx, ∈ (0, 1), we have
Summing on both sides of (3.5) from 0 to − 1 with respect to k, we obtain 6) which implies, together with (3.3) , that
From (3.5) and (3.6), we have 
